We review the recent progress in the density functional theory for superconductors (SCDFT). Motivated by the longstudied plasmon mechanism of superconductivity, we have constructed an exchange-correlation kernel entering the SCDFT gap equation which includes the plasmon effect. For the case of lithium under high pressures, we show that the plasmon effect substantially enhances the transition temperature (Tc) by cooperating with the conventional phonon mechanism and results in a better agreement between the theoretical and experimentally observed Tc. Our present formalism will be a first step to density functional theory for unconventional superconductors.
Introduction
Superconductivity constitutes one of the most fascinating fields in condensed matter physics ever since its discovery in the early twentieth century. After the success of its description by the Bardeen-Cooper-Schrieffer theory, 1 particular attention has been paid to the material dependence of the superconducting transition temperature (T c ): that is, why some materials such as the celebrated cuprate 2 exhibit high T c but others do not? Since superconductivity emerges as a result of subtle interplay and competition of interactions between atoms and electrons having much larger energy scales, T c is extremely sensitive to details of the electronic and crystal structure. Thus, an accurate quantitative treatment is essential to understand the emergence of high values of T c .
For the conventional phonon-mediated mechanism, quantitative calculations have been performed within the MigdalEliashberg (ME) theory 3 implemented with the firstprinciples method based on the Kohn-Sham density functional theory: 4 In a variety of systems, phonon properties are well reproduced by the density functional perturbation theory 5 or the total-energy method 6 within the local density approximation. 7, 8 By using the calculated phonon spectrum and electron-phonon coupling as inputs, it has been shown that the ME theory explains the qualitative tendency of T c for various materials. 9, 10 However, the ME formalism is not suitable for full ab initio calculations since it is difficult to treat electron-electron interaction nonempirically. When we calculate T c by solving the Eliashberg equation or using related approximate formulae such as the McMillan equation, 11, 12 we vary the value of µ * (Ref. 13 ) representing the effective electron-electron Coulomb interaction which suppresses the Cooper-pair formation, and examine whether the range of the resulting T c covers the experimentally observed value. With such a semi-empirical framework, the material dependence of the electron-electron interaction cannot be understood quan- * E-mail address: akashi@solis.t.u-tokyo.ac.jp titatively.
The recent progress in the density functional theory for superconductors (SCDFT) [14] [15] [16] has changed the situation. There, a non-empirical scheme describing the physics in the ME theory was formulated: Based on the Kohn-Sham orbital, it treats the weak-to-strong electron-phonon coupling, the screened electron-electron interaction within the static approximation, and the retardation effect 13 due to the difference in the energy ranges of these interactions. This scheme has been demonstrated to reproduce experimental T c s of various conventional phonon-mediated superconductors with deviation less than a few K. [17] [18] [19] [20] More recently, it has been employed to examine the validity of the ME theory in fully gapped superconductors with high T c such as layered nitrides 21 and alkali-doped fullerides. 22 Through these applications, the current SCDFT has proved to be an informative method well-suited to investigate the nontrivial effects of the electron-electron interaction behind superconducting phenomena.
Although the electron-electron interaction just suppresses the pairing in the ME theory, possibilities of superconductivity induced by the electron-electron interaction have long been also explored. Since the discovery of the cuprates, 2 superconductivity induced by short-range Coulomb interaction has been extensively investigated. 23 On the other hand, there has been many proposals of superconducting mechanisms concerning long-range Coulomb interaction since the seminal work of Kohn and Luttinger. 24 In particular, there is a class of mechanisms that exploit the dynamical structure of the screened Coulomb interaction represented by the frequencydependent dielectric function ε(ω): e.g., the plasmon [25] [26] [27] [28] and exciton 29 mechanisms. Interestingly, such mechanisms can cooperate with the conventional phonon mechanism. Since they usually favor s-wave pairing, they have a chance to enhance s-wave superconductivity together with the phonon mechanism. Taking this possibility into account, these mechanisms are important even where they do not alone induce superconductivity. Therefore, they are expected to involve a broader range of systems than originally expected in the early studies. In fact, for a variety of systems having low-energy electronic excitations, theoretical model calculations addressing such a cooperation have been performed: SrTiO 3 30, 31 with small plasmon frequencies due to small electron densities, s-d transition metals 32 where "demon" acoustic plasmons have been discussed, 33, 34 metals sandwiched by smallgap semiconductors, 35, 36 and layered systems where twodimensional acoustic plasmons are proposed to become relevant. 37, 38 Moreover, recent experimental discoveries of hightemperature superconductivity in doped band insulators have stimulated more quantitative analyses on effects of the cooperation. [38] [39] [40] [41] [42] Considering the above grounds, the situation calls for an ab initio theory that treats the phonon-mediated interaction and the dynamical screened Coulomb interaction together, with which one can study from the superconductors governed by phonons or the dynamical Coulomb interaction to those by their cooperation on equal footing. The aim of our present study is to establish this by extending the applicability of SCDFT. In this paper, we review the recent theoretical extension to include the plasmon-induced dynamical screened Coulomb interaction. 43 In Sec. 2, we present the theoretical formulation and its practical implementation, and discuss how plasmons can enhance superconductivity. Section 3 describes the application to elemental lithium under high pressures, for which the plasmon effect is expected to be substantial because of its relatively dilute electron density. In Sec. 4 we summarize our results and give concluding remarks.
Formulation

General formalism
Let us start from a brief review of SCDFT. 16 The current SCDFT employs the gap equation
to obtain T c , which is specified as the temperature where the calculated value of gap function ∆ nk becomes zero. Here, n and k denote the band index and crystal momentum, respectively, ∆ is the gap function, and β is the inverse temperature. The energy E nk is defined as E nk = ξ 2 nk + ∆ 2 nk and ξ nk = nk − µ is the one-electron energy measured from the chemical potential µ, where nk is obtained by solving the normal Kohn-Sham equation in density functional theory H KS |ϕ nk = nk |ϕ nk with H KS and |ϕ nk being the KohnSham Hamiltonian and the Kohn-Sham state, respectively. The functions Z and K, which are called as the exchangecorrelation kernels, describe the effects of all the interactions involved: They are defined as the second functional derivative of the free energy with respect to the anomalous electron density. A formulation of the free energy based on the Kohn-Sham perturbation theory enables us practical calculations of the exchange-correlation functionals using the Kohn- 16 The blue wavy line denotes the screened electronic Coulomb interaction, which is a product of the inverse dielectric function ε −1 and the bare Coulomb interaction V .
Sham eigenvalues and eigenfunctions derived from standard ab initio methods.
The nondiagonal exchange-correlation kernel K is composed of two parts K=K ph +K el representing the electronphonon and electron-electron interactions, whereas the diagonal kernel Z consists of one contribution Z=Z ph representing the mass renormalization of the normal-state band structure due to the electron-phonon coupling. The phonon parts, K ph and Z ph , properly treats the conventional strongcoupling superconductivity. The electron-electron coutribution K el is the matrix element of the static screened Coulomb interaction ϕ nk↑ ϕ n−k↓ |ε −1 (0)V |ϕ n k ↑ ϕ n −k ↓ with V being the bare Coulomb interaction. Currently, the ThomasFermi approximation and the random-phase approximation (RPA) have been applied for the static dielectric function ε −1 (0). 44 With these settings, the two parts of the nondiagonal kernel have different Kohn-Sham energy dependence: K ph has large values only for the states within the phonon energy scale, whereas K el decays slowly with the electronic energy scale. With this Kohn-Sham-state dependence, the retardation effect 13 is quantitatively treated. Thus, within the framework of the density functional theory, the SCDFT accurately treats the physics of Migdal-Eliashberg theory (based on the Green's function).
The current setting K el = ϕ nk↑ ϕ n−k↓ | ε −1 (0)V |ϕ n k ↑ ϕ n −k ↓ corresponds to the anomalous exchange contribution from the screened Coulomb interaction represented in Fig. 1 with the ω dependence of ε omitted. To incorporate effects of the plasmon on the interaction, we retain its frequency dependence. The diagram thus yields a following form
where
We then apply the RPA 45 to the ω-dependent dielectric function, which is a standard approximation to describe the plasmon under crystal field. Formally, the present RPA kernel can be also derived from the RPA free energy defined by Eq. (13) The Coulomb interaction W nkn k (iν) is practically calculated using a certain set of basis functions. Let us here summarize the plane-wave representation, which has been employed in our studies:
withε GG (k − k ; iν) being the symmetrized dielectric matrix, 47 defined bỹ
The independent-particle polarization χ
where the band indices n and n run through the unoccupied bands and occupied bands for each k, respectively. The matrix ρ
So far, we have ignored the intraband (Drude) contribution toε for k − k = 0: The kernel including this contribution diverges as (k − k ) −2 , whereas the total contribution by the small k − k to T c should scale
The physical meaning of the present dynamical correction to the previous static kernel is as follows. In real systems, screening by charge fluctuations is ineffective for the interaction with large energy exchanges [i.e., ε(ω)
whereas it becomes significant as the energy exchange becomes small compared with typical energies of charge excitations. However, the conventional static approximation ignores this energy dependence of the screening by extrapolating the static value of the interaction to the high energy, and underestimates the screened Coulomb repulsion with large energy exchanges. The present extension corrects this underestimation, and gives additional repulsive contribution to the Coulomb matrix elements between the Cooper pairs having much different energies.
Interestingly, this additional contribution can raise T c . Let us discuss this point in terms of the interaction kernel entering the energy-averaged gap equation
where we define the averaged nondiagonal kernel as
with N (0) being electronic density of states at the Fermi level and omit the diagonal kernel for simplicity. This equation qualitatively describes coherent Cooper pairs represented by ∆(ξ) scattered by the pairing interactions.
within the Debye frequency ω ph and N (0)K el (ξ, ξ ) = µ within a certain electronic energy range such as E F (considering red and green parts in panel (a) of Fig. 2 ). Solving this equation by assuming ∆(ξ) to be nonzero and constant only within ω ph , we obtain the BCS-type
< µ, and then, the resulting values of ∆(ξ) have opposite signs for |ξ| < ω ph and |ξ| > ω ph [panel (b) in Fig. 2 ]. Here, even if the total low-energy interaction µ − λ is repulsive, superconducting state realizes if µ * − λ < 0. This weakening of the effective Coulomb repulsion is the celebrated retardation effect, 13 and its origin is the negative values of the high-energy gap function: Since the scattering by repulsion between Cooper pairs having ∆ with opposite signs is equivalent to the scattering by attraction between those with same signs, there is a gain of the condensation energy. 48 Next, let us add the plasmon contribution [blue part in panel (a)], which enhances the repulsion by ∆µ for ξ with an energy scale of plasmon frequency ω pl . Then, more condensation energy can be gained by enhancing the high-energy negative gap function, which increases T c . As an extreme situation, one can also consider the case where the phonon-induced attraction is negligible and the plasmon-induced repulsion is dominant [panel (c)]. Obviously, a superconducting solution exists even in this case because the discussion about the above T c formula is also valid with the transformation λ→∆µ, µ→µ + ∆µ and ω ph →ω pl . These discussions illustrate that the plasmon contribution can increase T c by enhancing the high-energy repulsion.
To the authors' knowledge, the plasmon mechanism of the above-mentioned type to enhance T c has been originally studied by Takada 27 based on the Green's function formalism for two-and three-dimensional homogeneous electron gas. Using the gap equation derived by himself, he has also performed calculations of T c considering both the phonons and plasmons for doped SrTiO 3 (Ref. 31 ) and metal-intercalated graphites. 49, 50 Our present formalism, which treats the local field effect of inhomogeneous electron distribution behind the phonon and plasmon, is a DFT-based counterpart of his theory. 51 
Multipole plasmon approximation
Next we present a formulation to calculate T c using the extended kernel. Evaluation of Eq. (2) requires to perform the double discrete Matsubara summations for electronic energy scale, which is impractically demanding. We then analytically carry out the summations by approximating W nkn k as a simple function. For this purpose, we employ a multipole plasmon approximatioñ
with g i;nkn k being
Here,ν m denotes the Bosonic Matsubara frequency. In contrast with the case of uniform electron gas, inhomogeneous systems can have a variety of plasmon modes, and our aim is to treat these modes in a unified manner. Substituting Eq. (8) in Eq. (2), we finally obtain
where the function I is defined by Eq. (55) in Ref. 16 . In order to calculate Eq. (10), we determine the plasmon coupling coefficients a i;nkn k and the plasmon frequencies ω i;nkn k by the following procedure: (i) Calculate the screened Coulomb interaction for the real frequency grid W nkn k (ν j +iη), where {ν j } (j = 1, 2, ...N ω ) specifies the frequency grid on which the numerical calculation is performed, and η is a small positive parameter, (ii) determine the plasmon frequencies {ω i;nkn k } by the position of the peaks up to the N p -th largest in ImW nkn k (ν j +iη), (iii) calculate the screened Coulomb interaction for the imaginary frequency grid W nkn k (iν j ), and (iv) using the calculated W nkn k (iν j ), determine the plasmon coupling coefficients {a i;nkn k } via the least squares fitting byW nkn k (iν j ).
For the fitting, the variance to be minimized is defined as
and we have introduced a weight δω j satisfying Nω j δω j =1. With all the plasmon frequencies given, the extrema condition
. . .
Here, V W g and V gg are defined by
For arbitrary frequency grids, we define the weight as
The factor p j is the weight for the variance function introduced for generality, and we set p j = 1 in Secs. 2 and 3. When a negative plasmon coupling appears, we fix the corresponding coupling to zero, recalculate Eq. (12), and repeat this procedure until all the coupling coefficients becomes nonnegative so that the positive definiteness of the loss function is guaranteed. For the determination of plasmon frequencies, the calculated spectrum of ImW nkn k (ω + iη) is examined for each {n, k, n , k }. We have implemented a simple algorithm as follows: First, the peaks are specified as the point where the gradient of ImW nkn k (ν j + iη) turns from negative to positive; next, the specified peaks are sampled in order by their weighted values p j ImW nkn k (ν j + iη). By increasing N p , we can expect all the relevant plasmon modes are properly considered.
We show in Fig. 3 mer, an accurate fitting function was obtained with N p =2, where the derived fitting function and its analytic continuationW nkn k (ω + iδ) indicated by thick blue lines reproduce the numerically calculated W nkn k (iω) and W nkn k (ω + iδ) quite well, respectively. For the latter, on the other hand, good agreement ofW nkn k (iω) and W nkn k (iω) was not achieved with N p ≤7, where a i;nkn k for the peaks indicated by the smaller arrows were zero. This was because one of the relevant plasmon modes indicated by the larger arrows was the eighth largest with respect to the peak height. The convergence of T c with respect to N p can be slow due to such a feature, though it becomes serious only for {n, k, n , k } where the dynamical structure is blurred by strong plasmon damping [see the vertical axes in panels (a) and (c)].
We here also note possible systematic errors in the present algorithm. First, multiple plasmon peaks in W nkn k (ω + iδ) may mutually overlap due to their peak broadening. Then, some plasmon modes are hidden by large broad peaks and cannot be specified even if we increase N p . We have assumed that these hidden modes are negligible because of their small spectral weight and strong damping. Next, the variance does not exactly converge to zero since the numerically calculated W nkn k (iω) shows a weak cusplike structure at iω = 0 [see panel (d) in Fig. 3 ]. This structure probably originates from the finite lifetime of the plasmon modes. Its effect is not included by the plasmon-pole approximation, and will be examined in future studies.
Application to lithium under pressures
The above formalism, which is based on the plasmon-pole approximation, is expected to be valid for the nearly uniform electron gas. We here present the recent application to an elemental-metal superconductor Li. Lithium has been known to exhibit superconductivity with T c 10 K under high pressure. [52] [53] [54] [55] Early ab initio calculations [56] [57] [58] [59] [60] including that based on the SCDFT 61 reproduced the experimentally observed pressure dependence of T c quantitatively. However, a later sophisticated calculation 62 using the Wannier interpolation technique 63 has shown that the numerically converged electron-phonon coupling coefficient is far smaller than the previously reported values. On the other hand, the plasmon effect is expected to be substantial because the density of conducting electrons n, which determines a typical plasmon frequency by ∝ √ n, is relatively small in Li due to the large radius of the ion and the small number of valence electrons. Therefore, it is interesting to see if the newly included plas- mon contribution fills the gap between the theory and experiment. It is also important to examine whether the present ab initio method works successfully for conventional superconductors whose T c s have already been well reproduced by the conventional SCDFT. For that reason, we also applied the present method to aluminum.
Calculation with small N p
In Ref. 43 , we performed calculations for fcc Li under pressures of 14, 20, 25, and 30GPa. All our calculations were carried out within the local-density approximation 7, 8 using ab initio plane-wave pseudopotential calculation codes QUANTUM ESPRESSO 64, 65 (see Ref. 43 for further details). The phonon contributions to the SCDFT exchange-correlation kernels (K ph and Z ph ) were calculated using the energyaveraged approximation, 17 whereas the electron contributions (K el,stat and ∆K el ) were calculated by Eq. (13) in Ref. 44 and Eq. (10) to evaluate the plasmon effect. The SCDFT gap equation was solved with a random sampling scheme given in Ref. 21 , with which the sampling error in the calculated T c was not more than a few percent. In addition to the typical plasmon, an extra plasmon due to a band-structure effect has been discussed for Li 66, 67 and Al. 68, 69 We therefore carried out the calculation for N p =1 and 2.
In Table I and T
Np=2 c
). The estimated electron-phonon coupling coefficient λ, the logarithmic average of phonon frequencies ω ln , the density parameter r s , and typical plasma frequency Ω p are also given. Instead of using the Wannier-interpolation technique, we carried out the Fermi surface integration for the input Eliashberg functions 3 with broad smearing functions, 43 and we obtained λ consistent with the latest calculation, 62 which is smaller than the earlier estimates. [56] [57] [58] [59] [60] [61] The material and pressure dependence of the theoretical T c follows that of λ. With K=K ph , T c is estimated to be of order of 10K. While it is significantly suppressed by including K el,stat , it is again increased by introducing ∆K el . We here do not see significant N p dependence, which is further examined in Sec. 3.2.
The calculated values of T c are compared with the experimental values in Fig. 4 . With the static approximation (red square), the general trend of the experimentally observed T c is well reproduced: Aluminum exhibits the lowest T c , and T c in Li increases as the pressure becomes higher. However, the calculated T c for Li is significantly lower than the experimental one, which demonstrates that the conventional phonon theory is quantitatively insufficient to understand the origin of the high T c in Li under high pressures. From the previous ab initio calculations, this insufficiency has not been well recognized because either too strong electron-phonon coupling or too weak electron-electron Coulomb interaction was used. With the plasmon contribution (blue circle), the resulting T c systematically increases compared with the static-level one and it becomes quantitatively consistent with the experiment. For Al, in contrast, the accuracy is acceptable with both T , where the increase of T c by ∆K el is relatively small. These results indicate the followings: First, the plasmon contribution is essential for the high T c in fcc Li under pressure, and second, our scheme gives accurate estimates of T c regardless of whether their dynamical effects are strong or weak.
We discuss the origin of the enhancement of T c by considering the dynamical effect in terms of partially energy-averaged nondiagonal kernels
With nk chosen as a certain point near the Fermi energy, we plotted the averaged kernel for fcc Li under pressure of 14GPa and Al with N p =2 in Fig. 5 . The total kernel is decomposed into K ph (solid red line), K el,stat (dotted green line), and ∆K el (dashed blue line). Generally, the total kernel becomes slightly negative within the energy scale of the phonons due to K ph , whereas it becomes positive out of this energy scale mainly because of K el,stat . The ∆K el value is positive definite, but nearly zero for a low energy scale. As discussed in Sec. 2, the high-energy enhancement of repulsion increases T c through the retardation effect. Remarkably, ∆K el sets in from an energy far smaller than the typical plasmon frequency (see Table I ), and its absolute value is of the same order of K el,stat . These features can be also seen in the case of homogeneous electron gas studied by Takada. 27 On the difference between Li and Al [(a) and (b)], we see that the contribution of ∆K el in Al is noticeably smaller than that in Li. Also, the energy scale of the structure of ∆K el [inset of (b)], which correlates with Ω p (see Table I ), is small (large) for Li (Al). These differences explain why the effect of ∆K el is more significant in Li.
The enhanced retardation effect by the plasmon is seen more clearly from the gap functions plotted together with the non-diagonal kernel in Fig. 6 . Indeed, we observe substantial enhancement of the negative gap value in the high-energy region, where the additional repulsion due to ∆K el is strong. This clearly demonstrates that the plasmon mechanism indeed enhances T c , as is described in Sec. 2.
We did not find a nonzero solution for the gap equation Eq. (1) with only the electron-electron contributions (K=K el,stat +∆K el ) down to T = 0.01 kelvin, but did with the electron-phonon and the static electron-electron contribution (K=K ph +K el,stat ). Hence, while the driving force of the superconducting transition in Li is the phonon effect, the plasmon effect is essential to realize high T c .
Finally, we also examined the effect of energy dependence of electronic density of states (DOS) on Z ph . Since the form for Z ph used above [Eq. (24) 
N p dependence of T c
Here we investigate the convergence of T c with respect to the number of plasmon peaks N p . To address this problem, on top of the procedure described in Secs. 2 and 3.1, we employed a slightly different algorithm. The difference is as follows. First, in the previous procedure, the plasmon frequencies ω i;nkn k and coupling coefficients a i;nkn k for a set of sampling points were calculated from linear interpolation using the ab initio data on the equal grid, where the interpolation was independently carried out for each i-th largest branch. Since such an algorithm becomes unstable for damped peaks, we here did not carry out that, but rather determined ω i;nkn k and a i;nkn k simply by the ab initio values on the neighboring grid point. Second, the weight for the variance and the ordering of the peak p j (see Sec. 2.2) was set to unity in the previous procedure, but we here adopted p j = ν
In an analytic T c formula for three-dimensional electron gas de- Table II . Calculated Tc with different Np using the procedure described in the text. For Np=1 and 2, the calculated values in Table I , so that we determined p j accordingly. We have indeed found that this setting of p j accelerates the convergence of the calculated gap function with respect to N p , as demonstrated by Fig. 7 . 72 Carrying out the above procedure, 73 we calculated T c for Al and Li under the pressures. The calculated result for N p =1, 2, 5 and 8 is summarized in Table II together with that of Sec. 3.1. For N p =1 and 2, the previous and present procedures give slightly different values of T c , which originates mainly from the difference in the interpolation of ω i;nkn k and a i;nkn k . Within the present results, the caluculated T c for Al shows little N p dependence, whereas N p has to be larger than 5 for Li to achieve the convergence within 0.1K. This indicates that the damped dynamical structure of the Coulomb interaction ignored with N p =1 and 2 also has a nonnegligible effect. We note that the general numerical trend observed in the results in Sec. 3.1 is also valid for the calculated values with N p ≥ 5.
Summary and Conclusion
We reviewed the recent progress by the authors in the SCDFT to address non-phonon superconducting mechanisms. 43 An exchange-correlation kernel entering the SCDFT gap equation has been formulated within the dynamical RPA so that the plasmons in solids are considered. Through the retardation effect, plasmons can induce superconductivity, which has been studied for more than 35 years as the plasmoninduced pairing mechanism. A practical method to calculate T c considering the plasmon effect have been implemented and applied to fcc Li. We have shown that the plasmon effect considerably raises T c by cooperating with the conventional phonon-mediated pairing interaction, which is essential to understand the high T c in Li under high pressures.
The recent application suggests a general possibility that plasmons have a substantial effect on T c , even in cases where it does not alone induce superconducting transition. It is then interesting to apply the present formalism to "other hightemperature superconductors" 74 such as layered nitrides, fullerides, and the bismuth perovskite. Effects of the electronelectron and electron-phonon interactions in these systems have recently been examined from various viewpoints, particularly with ab initio calculations. 21, 22, [75] [76] [77] [78] [79] [80] Since they have a nodeless superconducting gap, plasmons may play a crucial role to realize their high T c . 38 More generally, there can be other situations: (i) the phonon effect does not dominate over the static Coulomb repulsion, but the plasmon effect does (i.e., a superconducting solution is not found with K=K ph +K el,stat , but is found with K=K el,stat +∆K el ), and (ii) either of the two effects does not independently, but their cooperation does (i.e., a superconducting solution is found with K=K ph +K el,stat +∆K el ). Searching for superconducting systems of such kinds is another interesting future subject, for which our scheme provides a powerful tool based on the density functional theory.
